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1. Let (X, d) be a metric space such that for any two points z and y there
is a continuous map f : [0,1] — X with f(0) = z and f(1) = y. Prove that
(X,d) is connected. Do not assume connectedness of any particular space. (8]

2. Prove or disprove:

a) An open ball in a metric space is necessarily connected.

b) An open ball in a normed vector space is necessarily connected. 6]
3. Let X be the space of all sequences of real numbers with the metric

d({an},{bn}) = o ‘1?|a_filb 7- Prove that the set {Han} : lan| < nVn} is

n=1
compact. 8]

4. Let {f,} be any sequence in C[0,1] and g, (z) = /tan_l(fn(t))dt Show
0

that {g,} has a subsequence that converges in C[0,1] with the usual uniform
metric. 8]

5. Let Lip(a) = {f € C[0,1] : | f(z) — f(y)| < C |z — y|” Vz,y} where a > 0.
If @ > 1 prove that Lip( ) is the space of constant functions. Prove that there
is a function in Lip(3)\Lip(1). [10]



